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Abstract
The orbits of certain subgroups of Co2; Conway’s second largest simple group, on the points
of Co2’s minimal parabolic geometry are determined. This information is used in [6,7] to
analyse a grap associated with the Baby Monster group.
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1. Introduction
In [6,7] a certain 11,707,448,673,375 vertex graph related to BM, the Baby
Monster simple group, is analysed extensively. A detailed description of this graph is
given in terms of certain local data, which is provided by the Co2-minimal parabolic
geometry (Co2 being Conway’s second largest simple group). A characterization
theorem for the Co2-minimal parabolic geometry appears in [5], which contains
information of use in [6,7]. Properties of H-orbits on the 46,575 points of the Co2-
minimal parabolic geometry for various subgroups H of Co2 are of central
importance in [6,7]—in this paper we establish these properties.
To facilitate our calculations we ﬁrst give a concrete description of the points of
the Co2-minimal parabolic geometry as a certain set of vectors in the Leech lattice.
This we do in Section 3 after, in Section 2, reviewing certain facts about the Leech
lattice and introducing notation we shall be using. Then in Section 4 we determine
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the H-orbits where H is a subgroup of Co2 isomorphic to one of ð21þ6 
24ÞA8; 21þ8Sp6ð2Þ; 210L3ð4Þ2; 21024S6; 21þ8U4ð2Þ2; U6ð2Þ2 and HS2: Finally,
Section 5 contains a pot pourri of further facts concerning some of the
conﬁgurations in Section 4.
2. The leech lattice and notation
We begin by reaquainting ourselves with the Steiner system Sð24; 8; 5Þ on the 24-
element set O: As usual the blocks of this system will be called octads. We use C for
the binary golay code (so C may be thought of as |; O; all the octads, complements of
octads and dodecads of O), and C8 denotes the set of octads. Various properties of C
we need will be obtained using Curtis’s MOG [3], whose naming system for the
elements of O we adopt. So
 =
∞ 14 17 11 22 19
0 8 4 13 1 9
3 20 16 7 12 5
15 18 10 2 21 6
=
O1 O2 O3 ;
where O1; O2; O3 are the so-called heavy bricks of the MOG. A useful reference for
data on the possible intersection of octads—information we require frequently—is
the M24 page of the ATLAS [2]. The ATLAS is also our main source for the
subgroup structure of Co2; and we usually follow the conventions established there
in describing groups. We call a 2-element, respectively a 4-element, subset of O a
duad, respectively a tetrad. For the deﬁnition of a sextet see either [1] or [3].
Let R24 be spanned by the orthonormal basis fvi j iAOg and, for SDO; we deﬁne
vS ¼
P
iASvi: For x ¼ ðxiÞ; y ¼ ðyiÞAR24; x 
 y denotes the standard inner product
deﬁned by x 
 y ¼P24i¼1 xiyi: The Leech lattice L in the lattice spanned by vO  4vN
and the vectors 2vCðCAC8Þ: The following result, [1, Theorem 2], characterizes the
vectors in L:
(2.1). The vector x ¼ ðxiÞAR24 is in L if and only if
(i) the co-ordinates xi are all congruent modulo 2, to m; say;
(ii) the set of i for which xi takes any given value modulo 4 is a C-set;
and
(iii)
P24
i¼1 xi  4m ðmod 8Þ:
Further, for x; yAL; x 
 y is a multiple of 8 and x 
 x is a multiple of 16.
We let Ln be the set of x in L with x 
 x ¼ 16n and say that a vector xALn is a type
n vector (or is of type n).
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Frequently, we shall specify vectors in L by placing the vi coefﬁcient in the ith
position of the MOG-empty spaces in the MOG, unless otherwise indicated, are to
be read as zero. At other times we shall present our vectors as row vectors and when
we do the ﬁrst and second entry will always correspond, respectively, to elementsN
and 14 of the MOG.
Turning to the groups associated with the above combinatorial structures—the
automorphism group of the Steiner system Sð24; 8; 5Þ is well-known to be M24 and
the group of all orthogonal transformations (of R24) ﬁxing the zero vector and
leaving L invariant is 
0. The latter group when factored by its centre gives Co1;
Conway’s largest simple group (see [1,2]). Let p be a permutation of O: By deﬁning
vip ¼ vip we may extend p to an orthogonal transformation of R24: For SDO we
deﬁne an orthogonal transformation eS of R24 by
vieS ¼
vi if ieS;
vi if iAS:

By Conway [1, Theorem 3] fpeC j pAM24; CACg is a subgroup of 
0 which is a split
extension of an elementary abelian group of order 212 by M24: This subgroup of 
0
projects to a subgroup of Co1 of shape 2
11M24—a subgroup of this group isomorphic
to 210M222 will play an important role in our calculations.
Let T be a tetrad of O: Then T is a tetrad of a unique sextet, say S: We deﬁne
zT : R
24-R24 as follows. For each tetrad T of S sum the coefﬁcients in T and then
subtract half this sum from each of the coefﬁcients in T; ﬁnally change the sign of
all the coefﬁcients in T : By Conway [1] zTA 
 0: We will sometimes employ elements
of this kind when seeking to show certain sets are actually orbits.
We brieﬂy recall some standard notation and deﬁnitions concerning geometries.
By a geometry G (over the set I) we understand a triple ðG; t; Þ where G is a set,
t:G-I is an onto map and  a symmetric incidence relation on G which satisﬁes the
condition that for x; yAG x  y implies that tðxÞatðyÞ: The rank of G is the
cardinality of I : For iAI ; put Gi ¼ fxAG j tðxÞ ¼ ig:
From now on G will denote the minimal parabolic geometry for Co2 (see [4,5]) and
we also put G ¼ Co2: So G is a rank 3 geometry (with I ¼ f0; 1; 2g) and we name
objects of G as in [5]:
type 0 1 2
o o o
name point line plane
The point-line collinearity graph of G; which we denote by G; has G0 as its vertex
set with two vertices being adjacent (in G) whenever they are collinear points in G:
The usual distance metric in G will be denoted by dð; Þ and, for xAG0; jAN;
DjðxÞ :¼ fyAG0 j dðx; yÞ ¼ jg:
ARTICLE IN PRESS
P. Rowley, L. Walker / Journal of Combinatorial Theory, Series A 107 (2004) 263–293 265
Since G acts ﬂag transitively on G; G acts as a group of automorphisms of the graph
G: From [5] we have that G has diameter 3 and, for xAG0; D1ðxÞ and D3ðxÞ are both
Gx-orbits. While D2ðxÞ ¼ D12ðxÞ,D22ðxÞ with D12ðxÞ and D22ðxÞ being Gx-orbits (see [5,
Section 3] for the deﬁnitions of D12ðxÞ and D22ðxÞ). Most of our attention in this paper
will be focussed upon G (and so upon G0; the set of points). To distinguish between
the sets O and G0 we shall speak of ‘‘elements of O’’ and never ‘‘points of O’’.
Let X be a subset of G0: Then ½n1; n2; n3; n4X denotes the set of y in G0 which
satisfy
jfxAD1ðyÞ j xAXg j ¼ n1;
jfxAD12ðyÞ j xAXg j ¼ n2;
jfxAD22ðyÞ j xAXg j ¼ n3;
jfxAD3ðyÞ j xAXg j ¼ n4:
Note that, clearly we must have n1 þ n2 þ n3 þ n4 ¼ j X j: The orbits we shall
consider are often of the form ½n1; n2; n3; n4X for some subset X of G0: Finally, for
HrG and xAG0; we use xH for the orbit of x under H:
3. The minimal parabolic geometry for Co2
We now display G0 as a certain set of vectors in L ¼ L=2L: Accordingly all
vectors we give are to be understood up to sign. We use (2.1), without reference, to
check whether vectors are in L: Let
a0 ¼ 4vN  4v14 ¼
4 –4
and
a ¼ 4vN þ 4v14 ¼ :
Since a0 and a are type 2 vectors and a þ a0 is of type 4, [2, p. 180] asserts
that the stabilizer in Co1 of a0 (a0 regarded as a vector in L ) is isomorphic to
Co2; put G ¼ StabCo1a0: Also, from [2, p. 180], GaD210M222: Moreover
Ga ¼ NK where N ¼ O2ðGaÞ ¼ fpC j C a C-set and C-fN; 14g ¼ |gD210 and
K ¼ StabM24fN; 14gDM222: Thus we may identify G0 as a set (up to sign) with
the type 2 vectors x in L for which a0 þ x has type 4 or, equivalently, with all type 2
vectors x in L such that a0 
 x ¼ 0: More speciﬁcally we have
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(3.1).
Vectors Size Ga-Orbit
ðpoints of G0Þ of G0
a 1 fag
(±4)2 22
2
 
2 ¼ 462 D1ðaÞ
ð4;4 or 4; 4 in a
duad of O\fN; 14gÞ
(±2)8ev 330:26 ¼ 21; 120 D12ðaÞ
ð72entries in an
octad of O\fN; 14gÞ
(±2)6ev 77:25 ¼ 2464 D22ðaÞ
ð72entries in a
hexad of O\fN; 14gÞ
±3
±122
22:210 ¼ 22; 528 D3ðaÞ
(those positions whose sign is opposite to the sign of the 73 position, together
with the 73 position, being a C-set)
ðð Þev means that the product must be positive—ev stands for even parity.)
It is straightforward to check that each of the above sets is a Ga-orbit of the given
size and so (see [5]) is equal to the stated DijðaÞ: Note that, conventionally, those
vectors (points of G) in D22ðaÞ and D3ðaÞ have their N; 14-entries positive.
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The description of G0 in (3.1) allows us to readily appreciate the action of Ga upon
G0 as well as the Ga-orbits of G0: At many points later on we need to easily recognize
DijðxÞ for other points x of G: In order to reveal such different vistas we must examine
a related set upon which G acts. Referring to [2, p. 154], we see that G acts upon a set
Go of 2300 pairs faL; aRg of type 2 vectors with the property that aL þ aR ¼ a0: The
pairs are as follows:
ao :¼ ff4vN74vj;4v1484vjg j jAO\fN; 14gg ð44Þ;
ffð3;1; 7122Þ; ð1;3;7122Þgg ð1024Þ;
ffð2;2; ð72Þ6; 016Þ; ð2;2; ð72Þ6; 016Þgg ð1232Þ:
Calculation shows that a 
 z1 ¼716 ¼ a 
 z2 if and only if fz1; z2gAao: Because G
acts transitively upon G0; for each xAG0
xo :¼ ffz1; z2gAGo j x 
 z1 ¼716 ¼ x 
 z2g
contains 44 pairs of type 2 vectors.
In Section 4 the next result is used frequently.
(3.2). Let xAG0: Then
(i) yAD1ðxÞ if and only if x 
 y ¼ 0 and xo-yoa|;
(ii) yAD12ðxÞ if and only if x 
 y ¼ 0 and xo-yo ¼ |;
(iii) yAD22ðxÞ if and only if x 
 y ¼716; and
(iv) yAD3 if and only if x 
 y ¼78:
Proof. In view of the transitivity of G upon G0 and Go it sufﬁces to prove (3.2) for
x ¼ a: Consulting (3.1) we calculate that a 
 y ¼ 0 for yAD1ðaÞ,D12ðaÞ; a 
 y ¼ 16 for
yAD22ðaÞ and a 
 y ¼ 8 for yAD3ðaÞ:
Let y = 4v0 þ 4v8ðAD1ðaÞÞ: Then yo-ao ¼ ff4vN þ 4v0;4v14  4v0g; f4vN 
4v0;4v14 þ 4v0g; f4vN þ 4v8;4v14  4v8g; f4vN  4v8;4v14 þ 4v8gg: If, on the
other hand, y ¼ ðAD12ðaÞÞ; then yo-ao ¼ |: Thus, as
D1ðaÞ and D12ðaÞ are Ga-orbits, (3.2) holds. &
(3.3). Let x1; x2; x3 be three points of G: Then fx1; x2; x3g are incident with some cAG1
if and only if x1 
 x2 ¼ x1 
 x3 ¼ x2 
 x3 ¼ 0 and xo1-xo2-xo3a|:
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Proof. A line in the residue geometry of a may be identiﬁed with a duad of
O\fN; 14g (see [5, Section 2]), say {i; j}. Then the points incident with this line are
a; 4vi þ 4vj and 4vi  4vj:
Since G is transitive on G0; we may suppose without loss of generality that x1 ¼ a:
Assume fa; x2; x3g are incident with some cAG1: Then x2 ¼ 4vi74vj ; x3 ¼ 4vi84vj
for some duad fi; jg of O\fN; 14g; from which we see that a 
 x2 ¼ a 
 x3 ¼ x2 
 x3 ¼
0 and j ao-xo2-xo3 j ¼ 4: Conversely assume that a 
 x2 ¼ a 
 x3 ¼ x2 
 x3 ¼ 0 and
ao-xo2-xo3a|: By (3.2) x2; x3AD1ðaÞ and hence x2 ¼ 4vi74vj; x3 ¼ 4vm74vn for
duads fi; jg; fm; ng of O\fN; 14g: Then ao-xo2-xo3a| forces fi; jg ¼ fm; ng
whence a; x2; x3 are all collinear with the same line, so proving (3.3). &
(3.4). Let b1; b2; b3AD1ðaÞ and suppose bk ¼ 4vik74vjk ; k ¼ 1; 2; 3: If b1; b2; b3 are
the three points incident with a line c of G; then fN; 14; i1; j1; i2; j2; i3; j3g is an
octad of O:
Proof. Since D1ðaÞ is a Ga-orbit, we may assume that b1 ¼ 4v0 þ 4v8: If b2 ¼
4v0  4v8; then a ¼ b3; which is not the case. Since b2AD1ðb1Þ; b1 
 b2 ¼ 0 and
bo1-bo2a| by (3.2)(i). So i2; j2AO\fN; 14; 0; 8g: Now bo1 consists of f4vN þ
4v0;4v14  4v0g; f4vN 4v0;4v14 þ 4v0g; f4vNþ 4v8;4v14  4v8g; f4vN  4v8;
4v14 þ 4v8g together with pairs of the kind faðiÞL ; aðiÞR g i ¼ 1;y; 5 ð5 8 ¼ 40
pairs) where
a
ð1Þ
L ¼ ; að2ÞL ¼ ;
a
ð3Þ
L ¼ ; að4ÞL ¼ ;
a
ð5Þ
L ¼ :
Thus fi2; j2g must be in an octad containing fN; 14; 0; 8g: A similar argument for
i3; j3 yields that fN; 14; 0; 8; i2; j2; i3; j3g is an octad of O; as required. &
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In the rest of this section we deﬁne various subsets of G0 that we shall encounter in
Section 4.
(3.5). The set P:
By a horizontal duad we shall mean any one of the following duads of
O : f0; 8g; f3; 20g; f15; 18g; f17; 11g; f4; 13g; f16; 7g; f10; 2g:
P :¼ fag,f4vi74vj j fi; jg is a horizontal duadg:
So j P j ¼ 15:
Remarks. (i) It is straightforward to check, using (3.2), that for x; yAP with xay we
have yAD1ðxÞ:
(ii) As will become apparent in (4.1), P is the point-line collinearity graph of a
projective 3-space over GFð2Þ—hence the notation P:
(3.6). The set S:
Let h denote the hexad :
Then H4 denotes the set of points which have entries 4,4 or 4;4 in any duad of h
ðj H4 j ¼ 2ð62Þ ¼ 30Þ: Also let
H2 :¼
2 2
(±2)6ev
8>><
>>>:
9>>=
>>>;
ðj H2 j ¼ 25 ¼ 32Þ:
S :¼ fag,H4,H2:
So j S j ¼ 63:
By (3.2) H4DD1ðaÞ and H2DD22ðaÞ:
Remark. It will turn out that S is the point-line collinearity graph of the Sp6ð2Þ
building (points and lines being, respectively, the isotropic 1- and 2-spaces of the
natural six-dimensional module).
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(3.7). The set CS:
Let CS denote the following subset of S whose points are as follows:
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y1
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y2
4 –4
y3
4
4
y4
4
–4
y5
4
4
y6
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:Remark. This set turns out, when viewed suitably, to be the 27 lines on the general
cubic surface in projective 3-space (see [2]). So CS stands for ‘‘cubic surface’’.
(3.8). The set HS:
Suppose that H is a subgroup of G isomorphic to HS2: Consulting [2] we see,
without loss of generality, we may suppose H ¼ StabGfy1; y2g where
y1 ¼
5 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
and y2 ¼
1 5 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
:
So y1  y2 ¼ a0; and y1 and y2 are type 3 vectors.
Drawing on [2] we may describe the 100 vertex Higman Sims graph as follows. Let
HS consist of all points in G0 which when subtracted from either of y1 and y2 yield a
type 2 vector. We may itemize HS as follows:
a ð1Þ
vO  4vj; jAO\fN; 14g ð22Þ
2vC where CAC8 and fN; 14gDC ð77Þ:
Then for y; y0AHS if we deﬁne y and y0 to be incident whenever y  y0 is a type 3
vector, we obtain the Higman Sims graph.
Note that Ha ¼ KDM222:
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4. Point orbits
(4.1). Let P be as in (3.5) and put H ¼ StabGP: Then HDð21þ6  24ÞA8 and the
H-orbits on G0 are as follows:
Orbit Size Representative
P 15 a
½7; 8; 0; 0P 120 4v22 þ 4v19
½3; 8; 4; 0P 840 4v0 þ 4v3
½1; 12; 2; 0P 3; 360 ¼ 25:3:5:7 4v11 þ 4v22
½0; 7; 0; 8P 15; 360 ¼ 210:3:5
2 2
2 2
2 2
2 2
½0; 6; 1; 8P 26; 880 ¼ 28:3:5:7
2 2 2 2 2
2
2
2
:
Proof. Let g ¼ eO3 and let T be the tetrad
:
Put F ¼ O\ðfN; 14g,O3Þ: We ﬁrst examine Ha; noting that NpH gives Ha ¼
NðK-HÞ: Because K-H must leave O3 invariant we have
K-HpStabK O3D23ðL3ð2Þ  2Þ: Now StabK O3 acts transitively upon {{0,8},
{3,20}, {15,18}, {17,11}, {4,13}, {16,7}, {10,2}} (the horizontal duads) and so Ha ¼
N StabK O3D21023ðL3ð2Þ  2Þ with Ha acting transitively upon P\fag: Since a0zT ¼
a0 (so zTAG) and azT ¼ 4v0 þ 4v8; H acts transitively on P with j H j ¼ 15 j Ha j
and H ¼ /Ha; zTS: Observing that Ha and zT both centralize g; we have that
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HpCGðgÞ: Consulting the ATLAS [2] (and using the fact that Sp6ð2Þ contains no
proper subgroups of index dividing 18) we deduce that
(4.1.1) H ¼ CGðgÞDð21þ6  24ÞA8:
In order to analyse other H-orbits of G0 we next investigate FixðgÞ\P:
(4.1.2) FixðgÞ\P consists of the following points:
(i) 4,4 or 4,4 in a non-horizontal duad contained in F ð2ð142 Þ  14 ¼ 168 points).
(ii) 4,4 or 4,4 in a duad contained in O3 ð2ð82Þ ¼ 56 points).
(iii) ð726Þev in hexads contained in F ð7 25 ¼ 224 points).
(iv) ð72Þ8ev in octad O3 ð26 ¼ 64 points).
(v) ð72Þ8ev in octads which are contained in F ð7 26 ¼ 448 points).
We observe that Ha ¼ NStabK O3 is transitive on each of the ﬁve sets of points
given in (4.1.2). Since
:
4
4
–2 –2
2 –2
2 –2
–2 –2
T
H fuses the sets (ii) and (iv). Also
:
4
4
2 2
–2 2
2
–2 –2
–2
T and
:
4 4
–2 –2
–2
–2 –2
–22 2
T
show that H fuses the sets (i), (iii) and (v).
For x in set (i) x 
 y is716 for four points y in P and 0 for the other eleven, while
for x in set (ii) x 
 y ¼ 0 for all yAP: By (4.1.1) FixðgÞ is a union of H-orbits whence
we conclude that (ii) , (iv) and (i) , (iii) , (v) are H-orbits of G0 (of size 120 and
840, respectively).
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The following observation will aid us in identifying further H-orbits:
(4.1.3) For
yAP; yoDfð4; 0;74; 021Þ; ð0;4;74; 021Þg, fð2;2;726; 016Þ; ð2;2;726; 016Þg:
Let x ¼ 4v22 þ 4v19 (so x is in set (ii)). Then xAD1ðaÞ: For yAP\fag; by (4.1.3) the
only possible pairs of vectors in xo-yo can come from hexads containing f22; 19g
and the horizontal duad underlying y: Hence xo-yoa| only for
yAf4x074x8; 4x374x20; 4x1574x18g: Therefore, using (3.2),
(4.1.4) ð4v22 þ 4v19ÞHD½7; 8; 0; 0P :
Now take x ¼ 4v0 þ 4v3 (so x is in set (i)). Then xAD1ðaÞ and D22ðxÞ-P ¼
f4v074v8; 4v374v20g: Again using (4.1.3), for yAP\fag; with x 
 y ¼ 0 the only
possible pairs of vectors in xo-yo can come from hexads containing f0; 3g and the
horizontal duad underlying y: The only such hexad is O1\fN; 14g; whence
D1ðxÞ-P ¼ fa; 4v1574v18g by (3.2). So
(4.1.5) ð4v0 þ 4v3ÞH D ½3; 8; 4; 0P :
We next consider x ¼ 4v11 þ 4v22; which we note is not in FixðgÞ: Now x 
 y is716
for y ¼ 4v1774v11 (so 4v1774v11AD22ðxÞÞ and 0 for all other yAP: Employing (3.2)
and (4.1.3) we learn that xo-yoa+ for yAP\f4v1774v11g only when y ¼ a:
Consequently
(4.1.6) ð4v11 þ 4v22ÞH D ½1; 12; 2; 0P :
Recall that StabK O3 is transitive on duads in F which intersect O3 in one element.
Therefore, as P is an H-orbit and jD1ðxÞ-P j ¼ 1; ð4v11 þ 4v22ÞH must contain at
least 15 14:8:2 ¼ 24:3:5:7 points.
We move on to ﬁnd another H-orbit, this time taking
x ¼
2 2 2 2 2
2
2
2
:
Here x 
 y ¼78 for yAf4v1774v11; 4v474v13; 4v1674v7; 4v1074v2g; x 
 a ¼ 16
and x 
 y ¼ 0 for the remaining points in P: Using (3.2) we see that the latter six
points are all in D12ðxÞ: Thus
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(4.1.7) xH D ½0; 6; 1; 8P :
Since the orbit of the hexad
× × ×
×
×
×
under StabK O3 is of
length 56, P is an H-orbit and jD22ðxÞ-P j ¼ 1; xH must have at least 56 25  15 ¼
28:3:5:7 points.
Next we alight upon
x ¼
2 2
2 2
2 2
2 2
:
Calculating inner products and using (3.2) and (4.1.3) yields that
(4.1.8) xHD½0; 7; 0; 8P :
The octad
× ×
× ×
× ×
× ×
is in StabK O3-orbit of length 56.
Applying eO3 to x gives
2 -2
2 -2
2 -2
2 -2
which is not equal to 7x:
Together with P being an H-orbit and j D12ðxÞ-P j ¼ 7; this implies that xH has at
least 2 562615
7
¼ 210:3:5 points.
Since 15þ 120þ 840þ 3360þ 15; 360þ 26; 880 ¼ 46; 575 ¼ j G0 j; all contain-
ments in (4.1.4)–(4.1.8) must be equalities, so verifying (4.1). &
(4.2). Let S be as in (3.6) and put H ¼ StabGS: Then HD21þ8Sp6ð2Þ and the H-orbits
on G0 are as follows.
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Orbit Size Representative
S 63 a
½7; 56; 0; 0S 2; 160 ¼ 24:33:5 4v17 þ 4v11
½1; 20; 10; 32S 12; 096 ¼ 26:33:7 4v0 þ 4v4
½0; 30; 1; 32S 32; 256 ¼ 29:32:7
2 2 2 2 2
2
2
2
:
Proof. Clearly NpH and so Ha ¼ NðH-KÞ: Further we see that H-K ¼ StabK h
(h as deﬁned in (3.6)) and so Ha ¼ NStabK hD21024S6: Hence the orbits of Ha on S
are {a}, H4 and H2: Letting T be the tetrad we have
zTAG: From azT ¼ 4v0 þ 4v8 and
4
4
–2
–2
2
22
2
–2 –2
:T
we conclude that H acts transitively on S: Also j H j ¼ 63 j Ha j and H ¼ /Ha; zTS:
Putting g ¼ EO1 ; we see that ½Ha; g ¼ 1 ¼ ½zT ; g and thus HpCGðgÞ: From the
ATLAS [2] we deduce that H ¼ CGðgÞD21þ8Sp6ð2Þ:
Following (4.1) we now look at FixðgÞ\S:
(4.2.1) FixðgÞ\S consists of the following points.
(i) 4,4 or 4,4 in a duad contained in O\O1 ð2ð162 Þ ¼ 240 points).
(ii) ð728Þev in an octad contained in O\O1 ð30 26 ¼ 1920 points).
Because StabK h is transitive upon the set of octads in O\O1 and the set of
duads in O\O1; it follows that sets (i) and (ii) are Ha-orbits. Applying zT to 4v4 þ 4v16
ARTICLE IN PRESS
P. Rowley, L. Walker / Journal of Combinatorial Theory, Series A 107 (2004) 263–293 277
reveals that ðiÞ,ðiiÞ is an H-orbit of size 2160. Put x ¼ 4v17 þ 4v11: Clearly
x 
 y ¼ 0 for all yAS: Using the fact that xoDfð4; 0;74; 021Þ; ð0;4;74; 021Þg
, fð2;2;726; 016Þ; ð2;2;726016Þg; (3.2) yields that S-D1ðxÞ ¼ fa; 4v074v8;
4v374v20; 4v1574v18g: Hence
(4.2.2) ð4v17 þ 4v11ÞHD½7; 56; 0; 0S :
Now let x ¼ 4v0 þ 4v4: Using (3.2) yet again we deduce that
(4.2.3) ð4v0 þ 4v4ÞHD½1; 20; 10; 32S:
Since S is an H-orbit, D1ðxÞ-S ¼ fag and the ðH-KÞ-orbit of {0,4} has length
6.16, ð4v0 þ 4v4ÞH contains at least 63 2:6:16 ¼ 12; 096 points.
Finally we consider x ¼
2 2 2 2 2
2
2
2
: With the aid of (3.2) we get
fag ¼ D22ðxÞ-S and
(4.2.4) xHD½0; 30; 1; 32S :
From
× × × × ×
×
×
×
having a ðH-KÞ-orbit of length 16, we
calculate that xH contains at least 16:25  63 ¼ 32; 256 points.
Now 63þ 2; 160þ 12; 096þ 32; 256 ¼ 46; 575 ¼ j G0 j forces the containments in
(4.2.2)–(4.2.4) to be equalities, and completes the proof of (4.2). &
Our next result is something of a handservant to (4.4) and (4.7). First we need to
deﬁne a host of subsets of DckðaÞ:
ðD1;þÞ ¼ fxAD1ðaÞ j x ¼ 4v0 þ 4vj; ja0g;
ðD1;Þ ¼ fxAD1ðaÞ j x ¼ 4vi þ 4vj; ia0ajg;
ðD12;þÞ ¼ fxAD12ðaÞ j0 is in the octad underlying xg;
ðD12;Þ ¼ fxAD22ðaÞ j0 is not in the octad underlying xg;
ðD22; 2Þ ¼ fxAD22ðaÞ j the underlying hexad of x contains 0; with coefficient 2g;
ðD22;2Þ ¼ fxAD22ðaÞ j the underlying hexad of x contains 0; with coefficient  2g;
ðD22;Þ ¼ fxAD22ðaÞ j the underlying hexad of x does not contain 0g; ðÞ
ðD3; 3Þ ¼ fxAD3ðaÞ j the 0-coefficient of x is 3g;
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ðD3;3Þ ¼ fxAD3ðaÞ j the 0-coefficient of x is  3g;
ðD3; 1Þ ¼ fxAD3ðaÞ j the 0-coefficient of x is 1g;
ðD3;1Þ ¼ fxAD3ðaÞ j the 0-coefficient of x is  1g;
ðD22;þÞ ¼ ðD22; 2Þ,ðD22;2Þ;
ðD3;73Þ ¼ ðD3; 3Þ,ðD3;3Þ;
ðD3;71Þ ¼ ðD3; 1Þ,ðD3;1Þ:
We next introduce some related group theoretic notation. Put N0 ¼ StabNf0g and
K0 ¼ StabKf0g: Then StabGf0g ¼ N0K0 with N0D29 and K0DL3ð4Þ:2; clearly
K
0
0DL3ð4Þ: Also we note that N0 consists of all pC where CAC is such that
C-fN; 14; 0g ¼ | (such C deliver 280 dedecads, 210 octads, 21 16-sets and |).
(4.3). Let H ¼ N0K 00ðD29L3ð4ÞÞ: Then the H-orbits on G0 are as follows:
Orbit Size Representative
fag 1 a
ðD1;þÞ 42 4v0 þ 4v8
ðD1;Þ 420 4v3 þ 4v20
ðD12;þÞ 7; 680 ¼ 29:3:5
ðD12;þÞ 13; 440 ¼ 27:3:5:7
ðD22; 2Þ 336 ¼ 24:3:7
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ðD22;2Þ336 ¼ 24:3:7
ðD22;Þ1792 ¼ 28:7
ðD3; 3Þ512 ¼ 29
1 1 1 1 1 1
3 –1 –1 –1 1 1
–1 –1 –1 –1 1 1
1 1 1 1 1 1
ðD3;3Þ 512 ¼ 29
1 1 1 1 1 1
–3 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
ðD3; 1Þ 10; 752 ¼ 29:3:7
1 1 1 1 1 1
1 –3 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
ðD3;1Þ 10; 752 ¼ 29:3:7
1 1 1 1 1 1
–1 3 –1 –1 1 1
–1 –1 –1 –1 1 1
1 1 1 1 1 1
:
Proof. We recall that K
0
0 is transitive upon the set of 21 duads containing 0 and upon
the set of 210 duads not containing 0. Let C ¼ : Then
pCAN0 and pC sends 4v0 þ 4v8 to 4v0  4v8 and 4v3 þ 4v20 to 4v3  4v20; whence
ðD1;þÞ and ðD1;Þ are H-orbits of size 42 and 420, respectively.
From the fact that K
0
0 is transitive on the set of octads (in O\fN; 14g) containing
0, the set of octads (in O\fN; 14gÞ not containing 0, the set of hexads containing 0
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and the set of hexads not containing 0, we may deduce the H-orbit break down of
D12ðaÞ and D22ðaÞ:
Turning to D3ðaÞ; we see directly that no non-trivial element of Na can ﬁx any
point in D3ðaÞ (see also [5, Lemma 5.10(iii)]). Let
x1 ¼ x2 ¼
1 1 1 1 1 1
–3 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
;
x3 ¼
1 1 1 1 1 1
1 –3 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
and x4 ¼ :
It is apparent that x1; x2; x3 and x4 are all in different H-orbits. Also we must have
j StabHx1 j and j StabHx2 j both dividing j K 00 j: Thus j xH1 jX29p j xH2 j: Now
StabHx3pN0StabK 0
0
f8g and consequently, as StabK 0
0
f8gD24A5; j StabHx3 j divides
26:3:5: Similarly j StabHx4 j divides 26:3:5 and so j xH3 jX29:3:7p j xH4 j: Since
29 þ 29 þ 29:3:7þ 29:3:7 ¼ 211:11 ¼ j D3ðaÞ j ;
we infer that the H-orbits of D3ðaÞ are ðD3; 3Þ; ðD3;3Þ; ðD3; 1Þ and ðD3;1Þ of size
29; 29; 29:3:7 and 293:7 respectively. This proves (4.3). &
(4.4). Let H ¼ NK0ðD210L3ð4Þ2Þ: The H-orbits on G0 are as follows:
Orbit Size Representative
fag 1 a
ðD1;þÞ 42 4v0 þ 4v8
ðD1;Þ 420 4v3 þ 4v20
ðD12;þÞ 7; 680 ¼ 29:3:5
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ðD12;Þ 13; 440 ¼ 27:3:5:7
ðD22;þÞ 672 ¼ 25:3:7
2 2
2 2
2 2
2 2
ðD22;Þ 1792 ¼ 28:7
ðD373Þ 1024 ¼ 210
1 1 1 1 1 1
3 –1 –1 –1 1 1
–1 –1 –1 –1 1 1
1 1 1 1 1 1
ðD3;71Þ 21; 504 ¼ 210:3:7
1 1 1 1 1 1
1 –3 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
:
Proof. This follows from (4.3) by noting that pC where C ¼
when applied to the representatives given in (4.3) fuses
the orbits ðD22; 2Þ and ðD22;2Þ; the orbits ðD3; 3Þ and ðD3;3Þ and the orbits ðD3; 1Þ
and ðD3;1Þ: &
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In our next result H-orbits will be parameterized by the following type of subset:
½n1; n2; n3; n4S ;Dkc :¼ ½n1; n2; n3; n4S-DkcðaÞ:
(4.5). Suppose that H ¼ StabGS-GaðD21024S6Þ: Then the H-orbits on G0 are as
follows:
Orbit Size Representative
fag 1 a
H4 30 4v0 þ 4v8
H2 32 2vO1
½7; 56; 0; 0S;D1 240 ¼ 24:3:5 4v17 þ 4v11
½7; 56; 0; 0S;D12 1920 ¼ 27:3:5 2vO3
½1; 20; 10; 32S;D1 192 ¼ 26:3 4v0 þ 4v17
½1; 20; 10; 32S;D12 3840 ¼ 28:3:5
½1; 20; 10; 32S;D22 1920 ¼ 27:3:5
2 2 2 2
2 2 2 2
½1; 20; 10; 32S;D3 6144 ¼ 211:3
½0; 30; 1; 32S;D12 15; 360 ¼ 210:3:5
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½0; 30; 1; 32S;D22 512 ¼ 29
2 2 2 2 2
2
2
2
½0; 30; 1; 32S;D3 16; 384 ¼ 214
1 1 –3 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
:
Proof. These orbits may be readily extracted from the orbit data in (4.2). &
(4.6). Put L ¼ StabG SD21þ8Sp6ð2Þ (see (4.2)), and let CS be as in (3.7). Set H ¼
StabLCS: Then HD21þ8U4ð2Þ2 and the H-orbits on G0 are as follows:
Orbit Size Representative
CS 27 a
½15; 0; 12; 0CS 36 ¼ 22:32 4v0 þ 4v8
½1; 8; 2; 16CS 864 ¼ 25:33 4v0 þ 4v17
½3; 24; 0; 0CS 2160 ¼ 24:33:5 4v17 þ 4v11
½1; 0; 10; 16CS 4320 ¼ 25:33:5 4v18 þ 4v17
½0; 10; 5; 12CS 6912 ¼ 28:33
2 2 2 2
2 2 2 2
½0; 10; 1; 16CS 13; 824 ¼ 29:33
2 2 2 2 2
2
2
2
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½0; 15; 0; 12CS 18; 432 ¼ 211:32 :
Proof. We ﬁrst observe that the set CS has a distinguished element in the MOG,
namely 18-fy2;y; y11g consists of all points in H4 with an entry in position 18 and
fy12;y; y27g of all points in H2 having 2 in position 18. As a consequence we see
that HaD2924S5 (the 29 is StabNf18g and the 24S5 is StabK h-StabKf18gÞ and that
Ha is transitive upon CS-H4 and CS-H2: Let T ¼ fN; 14; 15; 18g and p ¼
· ·
· ·
· ·
· ·
; and set g ¼ zTp: Then gAH; yg1 ¼ y2 and yg4 ¼ y19;
whence H acts transitively upon CS and H ¼ /Ha; gS: In particular, j H j ¼
216:34:5: Surveying the maximal subgroups of Sp6ð2Þ [2] we conclude that
HD21þ8U4ð2Þ2:
Using the information assembled in (4.2) it is now possible, with some help from
(3.2), to determine the H-orbits. We omit the details, but note the following useful
facts:
S ¼ CS,½15; 0; 12; 0CS;
½7; 56; 0; 0S ¼ ½3; 24; 0; 0; 0CS ;
½1; 20; 10; 32S ¼ ½1; 8; 2; 16CS,½1; 0; 10; 16CS,½0; 10; 5; 12CS;
½0; 30; 1; 32S ¼ ½0; 10; 1; 16CS,½0; 15; 0; 12CS: &
The next subgroup of Co2 we put under the microscope is HDU6ð2Þ2: By the
ATLAS [2] we may take H to be the stabilizer in G of the set
{4vN þ 4v0;4v14  4v0g:Note that these are both type 2 vectors whose sum is a0:
Moreover N0K
0
0pGa-H with Ga-HD29L3ð4Þ2; however Ga-HaN0K0:
(4.7). Let HDU6ð2Þ2 be a subgroup of G and, without loss of generality, assume that
H ¼ StabGf4vN þ 4v0;4v14  4v0g (as above). Then the H-orbits on G0 are as
follows:
Orbit Size Representative
U1 891 ¼ 34:11 a
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U220; 736 ¼ 28:34
U324; 948 ¼ 22:34:7:11 4v3 þ 4v20
Further, as a union of N0K0
0-orbits, we have
U1 ¼ fag,ðD1;þÞ,ðD22; 2Þ,ðD3; 3Þ;
U2 ¼ ðD12;þÞ,ðD22;Þ,ðD3;3Þ,ðD3; 1Þ and
U3 ¼ ðD1;Þ,ðD12;Þ,ðD22;2Þ,ðD3;1Þ:
Proof. Put y1 ¼ 4vN þ 4v0 and y2 ¼ 4v14  4v0: Since Ga-HD29L3ð4Þ2; the H-
orbit of a has size 891. Evidently H-orbits are unions of N0K0
0-orbits, which are
collated in (4.3). We seek to examine H-orbits from this perspective. Calculations
reveal that
(4.7.1) (i)x 
 yi ¼716; i ¼ 1; 2 for x in fag,ðD1;þÞ,ðD22; 2Þ,ðD3; 3Þ;
(ii) x 
 yi ¼78; i ¼ 1; 2 for x in ðD12;þÞ,ðD22;Þ,ðD3;3Þ,ðD3; 1Þ;
and
(iii) x 
 yi ¼ 0; i ¼ 1; 2 for x in ðD1;Þ,ðD12;Þ,ðD22;2Þ,ðD3;1Þ:
From (4.3)
j fag j þ j ðD1;þÞj þ jðD22; 2Þj þ jðD3; 3Þj ¼ 1þ 42þ 336þ 512 ¼ 891; and so, by
(4.7.1),
aH ¼ fag,ðD1;þÞ,ðD22; 2Þ,ðD3; 3Þ:
Let T ¼ and p ¼
· ·
· ·
· ·
· ·
ðAM24Þ:
Because (just displaying O1Þ
=
4 –4 –4–4 4 4
=a0 a0
T  and
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=4
4
4
4
4
4
=y1 y1
T 
we infer that g ¼ zTpAH:
Now
(4.7.2)
(i)
2 2 2 2
2 2 2 2
2 2 –2 –2
–2 –2 –2 –2
2 2 2 2
–2
2 2
–2
–1 –1
–1
–1 1 –1 1
3 1 –1 –1 –1 –1
1 1 –1 1 –1 1
1 –1 –1 –1 –1
1 1 1
–1
–1
–1
–1
1
–3 –1 1 1 1 1
–1 –1 1 1
–1 1 1 1 1 1
≡
g
g
,
,
2 2 2 2
2
2 2
2
1 1 –1 1 –1 1
1 3 –1 –1 –1 –1
–1 –1 –1 1 –1 1
–1 1 –1 –1 –1 –1
g
; and
ðiiÞ 4
4
2 2
–2 2
2 –2
–2 –2
g
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4 4 2 –2 –2 2
–2 –2 –2 –2
2 2 2
–2 2
2
–2 2
–1 –1 –1 1 –1 –1
1 3 –1 –1 –1 1
1 1 1 –1 –1–1
–1–1 –1 1–11
1 1 1 –1
–1
1 1
–1 –3 1 1 1
–1 –1 –1 1 1 1
–1 1 1 1 –1 1
≡
g
g
,
,
.
From (4.7.2)(i) we see that g fuses the N0K0
0-orbits ðD12;þÞ; ðD22;Þ; ðD3;3Þ and
ðD3; 1Þ: And (4.7.2)(ii) shows that g fuses ðD1;Þ; ðD12;2Þ; ðD12;Þ and ðD3;1Þ: In
view of (4.7.1) we infer that ðD12;þÞ,ðD22;Þ,ðD3;3Þ,ðD3; 1Þ and
ðD1;Þ,ðD12;2Þ,ðD12;Þ,ðD3;1Þ are H-orbits—using (4.3) we may calculate
the size of these orbits, whence (4.7) is proven. &
(4.8). Let H be a subgroup of G isomorphic to HS2 and let HS be as described in (3.8).
Then the H-orbits on G0 are as follows:
Orbit Size Representative
HS 100 a
½6; 60; 2; 32HS 3850 ¼ 2:52:7:11 4v0  4v8
½0; 8; 28; 64HS
4125 ¼ 3:53:11
2 2
2 2
2 2
2 2
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½0; 60; 0; 40HS 15; 400 ¼ 23:52:7:11
2 – 2
2 – 2
2 – 2
2 – 2
½1; 40; 5; 54HS 23; 100 ¼ 22:3:52:7:11 4v0 þ 4v8:
Proof. By Conway et al. [2] H is transitive upon HS: Putting x1 ¼ 4v0  4v8 and
x4 ¼ 4v0 þ 4v8; we observe that
(4.8.1) xo1 ¼ fð4vN þ 4v0;4v14  4v0Þ; ð4vN  4v0;4v14 þ 4v0Þ; ð4vN þ 4v8;
4v14  4v8Þ; ð4vN  4v8;4v14 þ 4v8Þg
[ 2 – 22 – 2
(±24)ev
; (±24)ev
2 –2
–2 2
0
BBBB@
1
CCCCA
8>><
>>>:
9>>=
>>>;
:
(The latter set has 40 pairs given by the 23 choices for ð72Þ4ev and the 5 octads
containing {N;14,0,8}.) Also, xo4 is the same as x
o
1 with the second set of the union
being replaced by
(±24)ev
2 2
2 –2
; (±24)ev
–2 –2
2 –2
0
BBBB@
1
CCCCA
8>>><
>>:
9>>>=
>>;
:
(4.8.2) xH1 D½6; 60; 2; 32HS and 3850p j xH1 j:
Let yAHS: Suppose y ¼ 2vC where CAC8 and {N; 14gDC: Then
x1 
 y ¼
0 if f0; 8gDC ð5Þor f0; 8g-C ¼ |ð40Þ;
78 if j C-f0; 8g j ¼ 1 ð32Þ:

While for y ¼ vO  4vj ðjAO\fN; 14gÞ
x1 
 y ¼
0 if jef0; 8gð20Þ;
716 if jAf0; 8g ð2Þ:

Recall that Ha ¼ KDM222; and so StabHaf0; 8gD25S5 is transitive on the
5 octads containing fN; 14; 0; 8g and upon the 40 octads C with
{N; 14gDC; C-f0; 8g ¼ |: Therefore, as ð4vN þ 4v0;4v14  4v0ÞAð2vO1Þo-xo1;
we have fy j y ¼ 2vC ; CAC8; C+fN; 14; 0; 8ggDD1ðx1Þ by (3.2). Appealing to
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(4.8.1) we may check that xo1-yo ¼ | for the remaining yAHS with x1 
 y ¼ 0: Thus,
by (3.2), xH1 D½6; 60; 2; 32HS: The transitivity of Ha upon the duads of O\fN; 14g
yields that
j xH1 jX
231:100
6
¼ 3850;
whence (4.8.2) holds.
Now let x2 ¼ 2vO3 : So aAD12ðx2Þ:
(4.8.3) xH2 D½0; 8; 28; 64HS and 4; 125p j xH2 j:
Let yAHS: If y ¼ 2vC ; CAC8 and C+fN; 14g; then
x2 
 y ¼
0 if C-O3 ¼ | ð7Þ;
8 if j C-O3 j ¼ 2 ð56Þ;
16 if j C-O3 j ¼ 4 ð14Þ:
8><
>:
If y ¼ vO  4vj ðjAO\fN; 14gÞ; then
x2 
 y ¼
8 if jAO3 ð8Þ;
16 if jeO3 ð14Þ:

Straightforward calculation reveals that ð2vO1Þo-xo2 ¼ | and consequently, as
StabHa O3 is transitive on the 7 octads containing fN; 14g and missing O3; we
conclude, using (3.2), that xH2 D½0; 8; 28; 64HS: Because Ha acts transitively upon the
octads of O\fN; 14g; we see that
j xH2 jX
330:100
8
¼ 4125;
which gives (4.8.3).
Next we consider x3 ¼
2 –2
2 –2
2 –2
2 –2
AD12ðaÞ:
(4.8.4) xH3 D½0; 60; 0; 40HS and 15; 400pj xH3 j:
Let yAHS: If y ¼ vO  4vj ðjAO\fN; 14gÞ; then
x3 
 y ¼
0 if jeO3 ð14Þ;
78 if jAO3 ð8Þ:

Put C5 ¼ f22; 1; 12; 21g and C6 ¼ f19; 9; 5; 6g: Then for y ¼ 2vC ; CAC8 and
C+fN; 14g;
x3 
 y ¼
0 if C cuts C5 j C6in 1j1 ð45Þ;
78 if C cuts C5 j C6in 1j3 or 0 j 2 ð32Þ:

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Again using (3.2) (and leaving the details to the reader) we obtain
xH3 D½0; 60; 0; 40HS: Because the stabilizer in Ha of O3 which preserves the partition
C5 j C6 has order 25:3 we infer that
j xH3 jX
23:3:5:7:11:100
60
¼ 23:52:7:11 ¼ 15; 400:
So (4.8.4) holds
Similar considerations to those for x1; also using (4.8.1), yield
(4.8.5) xH4 D½1; 40; 5; 54HS and 23; 100pj xH4 j:
Noting that 100þ 3850þ 4125þ 15; 400þ 23; 100 ¼ 46; 575; (4.8.2)–(4.8.5) imply
(4.8). &
5. Odds and ends
Our ﬁrst result explores the relationship between some of the orbits given in (4.4).
(5.1). Let H ¼ NK0ðD210L3ð4Þ2Þ and let X denote the H-orbit ðD1;þÞ (see (4.4)).
Then the following hold:
(i) ðD1;Þ D ½6; 32; 4; 0X :
(ii) ðD12;þÞ D ½0; 7; 7; 28X :
(iii) ðD12;Þ D ½1; 25; 0; 16X :
(iv) ðD22;þÞ D ½5; 0; 5; 32X :
(v) ðD22;Þ D ½0; 30; 0; 12X :
(vi) ðD3;73Þ D ½0; 0; 21; 21X :
(vii) ðD3;71Þ D ½0; 20; 1; 21X :
Proof. Referring back to (4.4) we see that j X j ¼ 42 and X ¼ f4v074vj j
jAO\fN; 14; 0gg: Also from (4.4) we have that y ¼ 4v3 þ 4v20AðD1;Þ: For x ¼
4v074vjAX we have
x 
 y ¼ 716 if j ¼ 3; 20;
0 otherwise:

Noting that {N; 14; 0; 30; 20g is contained in the unique octad O1; we see that
xo-yo a + if j ¼ 8; 15; 18;
¼ + otherwise:
Therefore, by (3.2), yA½6; 32; 4; 0X and hence, as X and ðD1;Þ are both NK0-orbits,
ðD1;ÞD½6; 32; 4; 0X : We omit the details for parts (ii)–(vii), which may be veriﬁed
similarly.
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ð5:2Þ: Let xA½1; 20; 10; 32;Di2 ði ¼ 1 or 2Þ and let fyg ¼ D1ðxÞ-S: Then
(i) yAH4 and so yAD1ðaÞ; and
(ii) if i ¼ 1; then there exists y0AH4 with y0AD22ðxÞ:
Proof. (i) Let S be as in (3.6). Assume i ¼ 1: Since [1,20,10,32],D12 and H4 are
H-orbits (where H ¼ StabGS-GaÞ we may suppose x ¼ 2 2 2 2
2 2 2 2
:
Then 4v0  4v8AS and 4v0  4v8 lies in D1ðxÞ by (3.2) because x 
 ð4v0  4v8Þ ¼ 0 and
ðz1; z2ÞAxo-ð4v0  4v8Þo where z1 ¼
2
2
2
2
–2
–2
2
2
and z2 ¼ a0  z1:
Therefore y ¼ 4v0  4v8: For i ¼ 2 we may take x ¼
2 2 2 2
2 2 2 2
and
similarly show that y ¼ 4v0  4v8; so verifying part (i).
(ii) Again we may assume x ¼
2 2 2 2
2 2 2 2
and then, using (3.2),
4v3 þ 4v20AH4-D22ðxÞ; as required. &
The last two results of this paper reﬁne our knowledge of certain stabilizers.
(5.3). Let H ¼ StabGSðD21þ8Sp6ð2ÞÞ and let xA½0; 30; 1; 32S (see (4.2)). Then
(i) HxD25S6; and
(ii) Hx-O2ðHÞ ¼ 1:
Proof. Since [0,30,1,32]S is an H-orbit, we may without loss take x to be the
representative given in (4.2). Set O ¼ fN; 14; 17; 11; 22; 9; 5; 6g: Since S-D22ðxÞ ¼
fag; HxpHaD21024S6ð¼ NStabKðhÞÞ (see (4.2)). Now Hx-StabKðhÞDS6 and so
HxD25S6 with O2ðHxÞ ¼ fpC j CAC and C-O ¼+g: Thus (i) holds. Let
CAC; Ca+; be such that C-O ¼+: Then, we claim, C-ha+: For if not
then CDO\ðh,OÞ; whence C must be an octad which cuts O2 j O3 in 4 j 4: However
no such octad exists (see [3]). Consequently, for any 1apCAO2ðHxÞ there exists yAS
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such that pC does not ﬁx y: Because S is an H-orbit and j S j is odd, O2ðHÞ ﬁxes all of
the points in S: Therefore O2ðHxÞ-O2ðHÞ ¼ 1; so proving part (ii).
(5.4). Let H be a subgroup of G isomorphic to HS2 and let xA½0; 8; 28; 64HS (see
(4.8)). Then HxD43ðL3ð2Þ  2Þ:
Proof. Surveying the list of maximal subgroups of HS in [2] and using jHxj ¼
210:3:7; we see that HxD43ðL3ð2Þ  2Þ is the only possibility.
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